ON THE RANK OF ABELIAN VARIETIES
OVER FUNCTION FIELDS

AMILCAR PACHECO

ABSTRACT. Let C be a smooth projective curve defined over a number field k,
A/k(C) an abelian variety and (7, B) the k(C)/k-trace of A. We estimate how
the rank of A(k(C))/7TB(k) varies when we take a finite geometrically abelian
cover 7 : C' — C defined over k.

1. INTRODUCTION

Let C be a smooth projective irreducible curve defined over a number field k£ with
function field K := k(C). Let A/K be a non isotrivial abelian variety of dimension
d and ¢ : A — C a proper flat morphism defined over k from a smooth projective
irreducible variety A also defined over k whose generic fiber is A/K. Thus, all
smooth fibers of ¢ will also be abelian varieties. Let (1, B) be the K /k-trace of A.
A theorem due to Lang and Néron states that A(K)/7B(k) and A(k(C))/7B(k)
are finitely generated abelian groups. Let g be the genus of C, §4 the conductor
divisor of A on C and f4 its degree.

Ogg gave a upper bound for the rank of the latter group in the geometric case
(cf. [T4, VI, p.19] and also [I3, Theorem 2)), i.e.,

(1.1) rank <€'(I]SE(I/3)> < 2d(29 — 2) + fa + 4dim(B).

In particular, this is also an upper bound for the rank of A(K)/7B(k).
In the case where A = F is an elliptic curve, (|1.1)) reduces to

(1.2) rank(E(k(C))) < 49 — 4+ f&,

which is a result due to Shioda [23] Corollary 2].

We consider a finite cover m : ¢’ — C defined over k which is geometrically
abelian with geometric automorphism group G := Autz(C’'/C). Let g’ be the genus
of C', K' :==k(C') and A’ := A X K'. Let fa be the degree of the conductor §a-
of A’. Let (7/,B’) be the K'/k-trace of A. By we have the following upper
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bound for the rank of A(K')/7'B’(k) :

(1.3) rank (;1](;,((2)) < rank (if]];(/f];))))
< 2d(29’ _ 2) + fA’ + 4d11’I1(B/)

Our goal in this paper is to give an upper bound for the rank of A(K")/7'B'(k).
This upper bound improves in the case where A is a Jacobian variety and 7
is unramified. The latter upper bound is an extension of Silverman’s result [25]
Theorem 13] obtained in the context of elliptic curves. In order to state our main
result, as well as his, we need to recall Tate’s conjecture for divisors on smooth
projective algebraic varieties X defined over number fields k.

Let [ be a perfect field and [ an algebraic closure of I. For a smooth projective
irreducible algebraic variety X defined over | we denote by H*(X) its i-th étale
cohomology group H{, (X x;1,Qp).

Let Oy, be the ring of integers of k and p a prime ideal of Oy. Let Frob, € Gy,
be a Frobenius automorphism corresponding to p and I, C Gy, the inertia group of
p (well defined up to conjugation). Define the L-function

Ly(X/k,s) = [ [ det(1 — Frob, g, * | H*(X)"»)~".
P

Let Pic(X) be the Picard group of X, Pic’(X) the subgroup of divisors algebraically
equivalent to zero, NS(X) = Pic(X)/Pic’(X) the Néron-Severi group of X and
NS(X/k) the subgroup of divisor classes of NS(X') which are defined over k. The
group NS(X) is finitely generated, hence the same holds for NS(X'/k).

Conjecture 1.1. (Tate’s conjecture, [20, Conjecture 2]) Lo(X /k,s) has a pole at
s =2 of order rank(NS(X'/k)).

Remark 1.2. (1) This is a special case of Tate’s conjecture which concerns
algebraic varieties and algebraic cycles.

(2) We do not need to use the hypothesis of the existence of a meromorphic con-
tinuation of Lo(X /K, s) to R(s) = 2 interpreting the sentence “Lo (X /k, )
has a pole of order ¢ in s = 2” meaning

li —2)'Ly(X/k,s) = a #0.
e, (8 =2 La(X/k,5) = a 7
Moreover, if f(s) is a holomorphic function in R(s) > A and lim,_,5(s —
A f(s) = a # 0, we will call « the residue of the function f(s) in s = A and
we will write Ress—»(f(s)) = a.

The Galois group Gy := Gal(k/k) acts naturally on G. Let O¢, (G) be the set
of G-orbits of G with respect to this action.

Let A C C be the discriminant locus of ¢, i.e., the set of y € C such that the
fiber ¢~ 1(y) = A, is not smooth. Let U := C — A be the smooth locus of ¢ and
Asm = ¢~ 1(U). Then ¢ induces a proper smooth morphism ¢*™ : AS™ — U/ whose
fibers are abelian varieties. Let F, := R!(¢*™),Qy and Fy, := R?*(¢*™),Q,. These are
smooth étale sheaves on U of pure weights 1 and 2, respectively. Let 77 be a geometric
generic point of U and 71 (U, 7)) the algebraic fundamental group of U with respect
to 7. The stalks (F, )7 and (Fp)7 of F, and F;, at 77 are respectively isomorphic to
H'(A) and H?(A). We denote by p, : 71 (U, 7) — GL((Fa)7) and pp : m (U, 1) —
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GL((F)7) the monodromy representations associated to F,, respectively Fy. Let
.A, =A Xc c'.

Theorem 1.3. Suppose Tate’s conjecture is true for A'/k and that the monodromy
representations p, and py are irreducible. Then

AKT) \ _#9¢.(9) /
rank (T’B’(k:)) < G (d(2d+1)(2¢" —2))
+ #9¢, (G)2df a.

Remark 1.4. We will see in Remark that when A is a Jacobian variety then
(1.4)) can be improved to

(1.4)

A(K) #96,(9) /
(1.5) rank (T,B,(k)) <TG 2d(29' — 2) + #9¢,(9) fa,

Moreover, the hypothesis that pp is irreducible is not necessary in this case.

Remark 1.5. If A is an elliptic curve, then p, is automatically irreducible [4]
Lemme 3.5.5].

The following corollary is then a consequence of Theorem [I.3] and Remarks [T.4]
and

Corollary 1.6. Suppose that A is an elliptic curve and Tate’s conjecture is true
for A'/k. Then

(1.6) rank(A(K") < P28 (47— 4) 4 406, @)1
Remark 1.7. We need the hypothesis that both p, and pp are irreducible in
order to improve the trivial bound on the absolute values of the average traces of
Frobenius (cf. Remark and Section 3). There are proper flat morphisms 1) :
X — C of relative dimension 1, where X is a smooth projective irreducible surface,
whose monodromy representations p, are irreducible (cf. [7] and [11, Théoréme 2.3
and 2.4]). So, if ¢ : A — C is the associated Jacobian fibration, i.e., a proper flat
morphism whose generic fiber is the Jacobian variety of the generic fiber of 1, then
the same holds for the monodromy representation denoted also by p, associated to
o.

This improvement of the trivial bound as well as the use of the quite general
Theorem are the main points in generalizing Silverman’s result [25] Theorem
13] to the context of abelian varieties.

Remark 1.8. One might naturally ask whether this theorem is true for covers
which are geometrically Galois. For a more detailed discussion why we cannot
expect to do so under the method used in this paper to estimate the rank of the
abelian variety see Remark [£.4]

It will be shown in Proposition[3:7]that far < #G fa and that equality holds when
7 is unramified. In this circumstance we rewrite (L.4)), (1.5)) and (1.6]) respectively
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as

(1.7) rank (fgi%) < #Dig(g) (d(2d+1)(2¢' — 2) + 2dfn),
(1.8) rank (;éﬁ%) < #D;&(g) (2d(2¢9' — 2) + far) and

(1.9) rank(A(K")) < #m;&(g)(élg’ — 4+ far).

Observe that is Silverman’s result [25, Theorem 13].

In the case where 7 is unramified and A is a Jacobian variety, as it happens in
the case of elliptic curves, the new bound improves the geometric bound (1.3]),
if the action of G, on G is non trivial. Observe that does not improve
in general for an abelian variety (even if G}, acts non trivially on G).

Next we consider the problem of the variation of the rank of A(K')/7'B’(k) along
towers of function fields over K. More precisely, we treat the following situation:
C is an elliptic curve without complex multiplication, ¢’ =C and 7 = [n] : C — C
is the multiplication by n map. In this case, G = C[n]| is the subgroup of n-torsion
points of C. Denote C,, := C/[n], K, := k(C,) and (7, B,) the K, /k-trace of
A. The rank of A(K,)/7,Bn(k) as n > 1 varies grows slower than the geometric
bound (cf. Theorem . This result is the exact analogue in the current situation
of [25, Theorem 16]. The reason why we consider this situation is that Serre’s open
image theorem [16], Théoréme 3’| implies that the action of G, on G is highly non
trivial as n grows. See also Theorem for a discussion of the same problem in
the case where C has genus at least 2 and where C’ is the pull-back of C under the
multiplication by n map [n] : Jo — J¢ in the Jacobian variety Je of C. In this case,
G = Jc[n] (the n-torsion subgroup of Je).

In § 2 we describe the connection between Tate’s conjecture and a conjecture re-
lated to the generalized analytic Nagao’s conjecture. In §3 we use local monodromy
representations to give an upper bound for the absolute values of the average traces
of Frobenius in terms of the degree of the conductor of A. In §4 we analyze how
these upper bounds vary when we extend the base C by a finite geometrically abelian
cover C' — C defined over k. In §5 we prove Theorem In §6 we give applica-
tions of Theorem to the rank of abelian varieties along towers of function fields
over number fields.

2. TATE’S CONJECTURE AND A CONJECTURE RELATED TO
THE GENERALIZED NAGAO’S CONJECTURE

Given a prime ideal p of O and a smooth projective irreducible algebraic variety
Z defined over k, we will denote by Z, its reduction modulo p.

Let ¢ : X — Y be a proper flat morphism of relative dimension d of smooth pro-
jective connected algebraic varieties X and ) defined as well as 1 over k. Suppose
that the generic fiber of v is geometrically irreducible. Denote m := dim(}).

Let S be a finite set of prime ideals of O (which will be enlarged as needed).
First we assume that for every p ¢ S, X, (resp. ;) is a smooth projective connected
variety over the residue field IF, of p of cardinality g,.

For each y € Y, (Fy), let &}, = wp_l(y) be the fiber of 9, at y. Let F, be the
topological generator of Gal(F,/Fy). Denote also by F}, its induced automorphism
on HY(X, ).



RANK ABELIAN VARIETIES 5

For every y € Y, (Fp), let ay (X, ) := Tr(F, | HY(X,,,)) (respectively by (X, ) :=
Tr(F, | H*(X,,))). The average traces of Frobenius are defined by

1 1
Ay (X) = pr Z ap(Xy,y), respectively B, (X) = p Z by (X )
P yEVp (Fp) P yEVp (Fy)

Let X/k(Y) be the generic fiber of v, Px its Picard variety and (7x,Qx) the
k(Y)/k-trace of Px/k(Y). Let ay(Qx) := Tr(Frob, | H'(Qx)'). By base change
(cf. [12] or [5, Appendix C]) this number equals Tr(F, | H'(Qx,)). The reduced
average trace of Frobenius is defined by

Ay (X) = Ap (X) — ap(Qx)-

Theorem 2.1. [6, Théoreme 1.2] Tate’s Conjecture [1.1] for X /k and Y/k implies
Conjecture Mg, :

Reb Z Ql* 1og Z By ( Iqu )
pgs @ pgs P
= ran 7PX(k(y)) ran
= rank (TXQx(k‘)) + rank(NS(Px /k()))).

In the particular case where the relative dimension d of v is equal to 1, the
Conjecture M, reduces to the generalized analytic Nagao conjecture [6, Remarque
1.4]

es « log log(gp) ~ ran x (k(Y))
@1) R %;g R ' k<TXQX(k‘))

In the hypothesis of Theorem [1.3] Tate’s conjecture is trivially true for the curve
C/k. So, we need only to assume 1ts truth for A’/k.

3. ESTIMATES OF AVERAGE SUMS

Remark 3.1. Let A, be the discriminant locus of the reduction ¢, : A, — C, of ¢
modulo p for p ¢ S. Let U, :=C, — A, be the smooth locus of ¢,. Note that after
enlarging S5, if necessary, we may assume that A, is obtained from A by reducing
modulo p.

It follows from Weil’s theorem that for every y € U,(IF,) all eigenvalues of Fy,
acting on H'(A, ) (respectively H*(A, ,)) have absolute value /g, (respectively
qp), thus ay(Apy) = O(/Gp) (vespectively by(Apy) = O(gp)). For y € Ay(Fy) it
is a result due to Deligne [4, Théoreme 3.3.1] that all the eigenvalues of F} acting
on H'(Ay,y) (respectively H*( Ay ,)) have absolute value at most /g, (respectively
@p). So once again ay(X,,) = O(,/qy) (respectively by(X,,) = O(gp)). As a
consequence, we have the trivial bound A, (A) = O(,/g,) (respectively B,(A) =
O(gp)). Our goal in this paragraph is to use local monodromy representations to
improve these estimates. The bounds obtained improve even the ones coming from
Deligne’s equidistribution theorem (cf. [4, Théoréeme 3.5.3] or [8, (3.6.3)]) which
already improved the trivial bound (cf. Remark .



6 AMILCAR PACHECO

The map ¢, restricts to a smooth proper morphism ¢p™ : AF™ — U, defined
over F,. Let ¢ be a prime number different from the characteristic of F,. Let
Fapi= R! (¢;m)!Qg and Fp p i= R2(¢>;m)!(@g be smooth étale sheaves on U, of pure
weights 1 and 2, respectively. Let 7, be the geometric generic point of Uy, A,
the generic fiber of ¢,. As a consequence of proper base change [12, VI, Corollary
2.7), (Fa)y = H'(A) = H'(Ap) = (Fap)y, (resp. (Fp)y = H?(A) = H?*(4,) =
(Fo,p)7,)- The diagram

mU,m) —— GL((Fa)7)

l

7Tl(up?ﬁp) B GL((f(Lp)ﬁp)

can be completed with a vertical downward arrow in the right hand side by using
the former proper base change isomorphism. In this sense, we view p,, as the
reduction of p, modulo p. The same applies to p; and py p.

Hypothesis. We assume throughout this section that the representations p, and
py are irreducible.

Consequently, by construction, p, , and pp, are also irreducible.
Let
1

Sm 1 Sm
A (A) = - > ap(Apy) and B (A) = - > bp(Apy).
P yEUy (Fp) P yEUy (Fp)

Observe that if y € U,(Fy) then y is identified with the map y : Spec(F,) — U,
which induces a homomorphism 71 (Spec(Fy)) = G, — m1(Up,7,) and the image
by this map of F} is well defined up to conjugacy. The corresponding conjugacy
class is denoted by F}, . Note also that y*F, , & H' (A, ,) and y*Fp, = H2( A, ).
Let Tr(Fpy | Fap) o To(pap(Fyy)) and Tr(Fpy | Fop) = Tr(pup(Fpy): T is
tautologous that Tr(pap(Fp.y)) = Tr(Fy [y Fap) = ap(Apy) and Tr(pp,p(Fpy)) =
Tr(Fp | y* Fop) = bp(Ap,y). In particular,

G (A) = D Tr(Fpy | Fap) and B (A) = Y Te(Fyy | Foy)-

yEUy (Fp) yEUy (Fp)

Recall that A/K is non-isotrivial, hence 4 & C. Moreover, for every p ¢ S
the discriminant locus A, = C, — U, of ¢, is equal to the reduction modulo p
of the discriminant locus A = C — U of ¢. Thus, U, & C,. As a consequence
H2(Uy x5, Fy, Fap) =0 and H (U, xw, Fp, Fpp) = 0. Furthermore, since p,, and
pbp are irreducible, it follows that m(U},7,) has no coinvariants, consenquently,
H2(Uy x5, Fp, Fap) = 0 and H2(Uy x5, Fp, Fpp) = 0. Now, by Grothendieck-
Lefschetz formula [12], VI, Theorem 13.4],

Z Tr(Fpy | Fap) = = Te(Fy | H Uy X, Fy, Fap)) and
yEUy (Fp)

Z Tr(Fpy [ Fop) = — Tr(Fp |H01(Z/lp XFy Fpa]:b,p))-
yEU,y (Fp)

The Tate twists F, ,(1/2) and Fp (1) of Fup and Fpp are lisse étale sheaves
of pure weight 0 on U,. Hence, by [4, Théoréme 3.3.1], the sheaves H} (U, XF,

Fp, Fap(1/2)) and HX (U, xp, Fp, Fip(1)) are lisse étale sheaves of mixed weight

(3.1)
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at most 1 over Spec(F,). Denote by HX(U, xr, Fp, Fap(1/2))"'=0, respectively
H (U, xx, Fp, Fpp(1))V=0, the part of H} (U, xr, Fp, Fap(1/2))), respectively
HY(Uy xx, Fy, Fpp(1))), of weight at most 0. By and Deligne’s theorem [4]
Théoreme 3.3.1],

(3.2) Y T(Fpyl Fap(1/2))

yEUy (Fp)
< O(1) + codim(H. (Uy xw, Fp, Fap(1/2))"'=0) /gy,

(3-3) > Te(Fpy | Fip(1)

yEUy (Fp)
< O(1) + codim(H; (Up X, Fp, Fop(1))7=0)/Gp.

Since, for every y € Uy (Fy) we have Tr(Fy, 4, Fap(1/2)) = (1/\/p)ap(Ap,y) and
Tr(Fy .y, Fop(1)) = (1/qp)bp(Ap ), the latter inequalities are equivalent to

(3.4) 25 (A)| < O(1//@p) + codim(H_ (U X, Fp, Fap(1/2))¥=9) and
(3.5) 1B (A)| < O(1) + codim(H} Uy xx, Fy, Fop(1))=2) /G-
Observe that
1

Up(A) =LA + = D ap(Apy) = 2"(A) + O(Vap).
P yen, (Fy)

Similarly, B, (A) = B (A) + O(1). So, in order to estimate the absolute values
of A,(A) and B,(A) it suffices to compute the previous codimensions. These
codimensions are expressed in terms of the multiplicities of the conductor of an
abelian variety X over a function field which we now recall.

Let Z be a smooth projective curve defined over a perfect field [ of characteristic
p >0, L =1(Z2) its function field and X an abelian variety defined over £. Let £ # p
be a prime number, X [¢] the subgroup of ¢-torsion points of X, Tp(X) the f-adic
Tate module of X and V4(X) = Tp(X) ®z, Q. Let L be a separable closure of L.
For every z € Z denote by I, C Gal(L£?/L) the inertia subgroup corresponding to
z (which is well defined up to conjugation).

Definition 3.2. The multiplicity of the conductor §x of X at z € Z is equal to a
sum of two numbers, the tame multiplicity €, and the wild multiplicity J, of Fx in
z. The first number is defined as e, := codim(V,(X)!), where V;(X )%= denotes the
subspace of V;(X) which is fixed by the action of I,. Let N(X), be the Néron model
of X over Spec(0O,) and denote by N (X)? the connected component of the special
fiber N'(X). of N(X),. Let . be the residue field of z and &, its algebraic closure.
Then N(X)? x,.. %, is an extension of an abelian variety Y, by a linear algebraic
group L, both defined over %,. Let a, := dim(Y}). The linear algebraic group L,
decomposes as L, = Gﬁ;ﬁz X GZ%Z, where G, z, and G, %, denote respectively the
multiplicative and additive group scheme of k.. The non-negative integers a., t,
and u, are called the abelian, reductive and unipotent ranks of N'(X)?, respectively.
Then €, = 2u, +t,. Recall that dim(X) =a, +t, + u,.

The second number is defined as follows. Let [, /k, be a finite Galois extension

such that G;_ := Gal(l,/l,) acts trivially on X[¢]. Let G, := Gal(l,/k.), so X[{]
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can be regarded as a G,-module. Let P, be the projective Z;[G.]-module whose
character is the Swan character of G.. Then §, := dimg,(Homg, ¢ (P., X[¢])) (cf.
[T4, §1]). This is a non-negative integer and is in fact independent from the choice
of 1.

Let £(X[¢]) be the finite extension of £ defined by adjoining the coordinates of
the ¢-torsion points of X. It follows from [22], Remark (2), p. 480] that J§, = 0 for
every z € Z if and only if the extension £(X[¢])/L is tamely ramified.

Remark 3.3. After adjoining possibly finitely many prime ideals p to S, we may
assume that the conductor §a, of A, is the reduction of the conductor §4 of A
modulo p. In particular, both conductors have the same degree. Moreover, since
char(K') = 0, there will be no contribution of the wild part of the conductor of §4,
for every p ¢ S.

In another direction, observe that C, has the same genus as C for any p ¢ S,
after eventually extending S even further.

Lemma 3.4.
codim(H} Uy xz, By, Fap(1/2))"=0) = 2d(29 — 2) + > €, and
YyEA,
codim(H,} Uy xg, Fp, Fyp(1)""=0) < d(2d - 1)(29 —2) + (2d — 1) D _ ¢,
YyEA,
Proof. First note that by Poincaré’s duality and the fact that HZ (U, XF, Fp, Fap) =
0 and H2(U, xp, Fy, Fyp) = 0 we obtain H (Uy xx, Fp, Fap) = 0 and HY (U xr,
Fp, Fbp) = 0. The injection j, : Uy — CIJ [8, 2.0.7] induces an exact sequence
0— EB ap(1/2)7,)" — H} (U, x5, Fp, Fap(1/2))
yEA,
— H(Cyp X, Fp, (Gp)«Fap(1/2)) = 0
Since the last term is a sheaf of pure weight 1 over Spec(F,) [, Theorem 3.3.1], we
conclude that

Hy Uy xw, Fy, Fop(1/2)=0 = €D (Fup(1/2)5,)"
YEA,
In a similar vein,
He (U X, Fp, Fiyp(1))7=0 = @ (Fop (L), )"
YyEA,

Since (Fup)y, = H'(A), then for every y € A, we have dim(fayp(1/2)%) =
2d — €. Moreover, dim(H} (U, ®r, Fp, Fap(1/2))) = —xcUp x5, Fy, Fap(1/2)) =
—rank(Fap(1/2))xc(Up xF, Fp) = 2d(29 — 2 + sa), where x. denotes the Euler-
Poincaré characteristic with respect to the cohomology with compact support, since

for p ¢ S there is no contribution from the Swan conductor of F,, (cf. Remark
3.3). Thus

codim(H} Uy xz, By, Fap(1/2))"=0) = 2d(29 — 2) + > _ (2d) — Y (2d—¢,)

YyEA, YyEA,

=2d(29 —2) + Z €y-

YyEA,
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Note that (Fy )7 = H*(A) = \? H'(A). For every y € A, we have \*(H'(A)%)
c (A H*(A))!v. Hence, dim(fb,p(l)%) > (2d — €y)(2d — €, — 1)/2. Furthermore
there is no contribution from the Swan conductor of F . Thus, dim(H} (U, xE,
Fp. Fop(1))) = —xeUp xwp Fy, Fop(1)) = —rank(Fpp(1))xeUs XFy Fp) = d(2d —
1)(29 — 2 + s4). Therefore,

codim(Hcl(Z/Ilo XF, Fp,fbm(l))‘”tfo)
<d(2d—1)(29-2)+ > d2d—1)— > (d—¢€,/2)(2d — ¢, — 1)

yeEA, YyEA,
<d(2d—1)(29-2)+(2d—1/2) Y e, —(1/2) > e,
[ISTANY YyEA,
<d(2d—1)(29-2)+(2d—1) > ¢,
yEA,
O
Theorem 3.5.
2 (A)] < 2d(29 —2) + fa+ O(1/\/qp)
By (A)] < (d(2d = 1)(29 = 2) + (2d = 1) fa) Vap + O(1).
Proof. This follows from Lemma (3.4), (3.5) and the fact that
Z €y = pr = fA
yeAp
(cf. Remark [3.3). d

Remark 3.6. Theorem in fact improves not only the trivial estimates on the
absolute values of 2, (A) and B, (A) of Remark[3.1] but also upper bounds obtained
by means of Deligne’s equidistribution theorem (cf. [4, Théoréme 3.5.3] or [8|
(3.6.3)]). Indeed, from the latter theorem follows the bounds

> Te(Fpy | Fa(1/2)] < dim(H Uy xF, Fp, Fap(1/2))) /3
yEUy (Fp)

<2d(29 — 2+ 54)\/qp

> Te(Fy,

Fp(1))| < dim(H, Uy x5, Fp, Fop(1)) /G

yeUy (Fp)
<d(2d—1)(29 — 24 $4)\/p-
A fortiori,
(3.6) 1A (A)] < 2d(29 — 24 fa) + O(1//ap)
(3.7) By (A)| < d(2d —1)(29 — 2+ fa) /@ + O(1).

Hence both bounds are improved by Theorem [3.5

The geometric bound involves the degree f4 of the conductor F s of A’.
The bound of Theorem is obtained in terms of the degree f4 of the conductor
Fa of A. Although we will not need the following inequality in general, only in the
unramified case, it holds in general.
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Proposition 3.7. fa < #Gfa. Equality holds if m is unramified.

Proof. Tt suffices to prove that for each y’ € C’ such that w(y’) = y € C we have the
inequality €,» < ¢€,. Indeed,

far=> deg(y)ey <> | D FW'ly) | € degly) < #Gfa,
y' yvo\Yly
where f(y'|y) denotes the inertia degree of y’ over y.

Let n > 1 be an integer invertible in the local ring O, of y. The base change
morphism N(A Xk Ky) Xspec(o,) Spec(Oy) — N(A" x g K,) induces an injec-
tive (homo)morphism at the level of torsion subgroups N(A Xk Ky )tor Xspec(0,)
Spec(Oy ) — N(A" x g K;/)toh regarding them as products of group schemes of
type (p,---,p). In particular, this map is also injective when restricted to n-
torsion. Hence it induces, at the level of the connected components of the spe-
cial fibers, an injection N (A Xg Ky)% Xspec(x,) Spec(Ry) = (Z/nZ)**vtt —
N(A X Ké,)% XSpec(r,r) Spec(Ry) = (Z/nZ)** T ie., 2a, + t, < 2a, + t,.
This latter inequality is equivalent to €,» < €.

If 7 is unramified, then the base change morphism is already an isomorphism (cf.
[3, Chapter 7, Theorem 1, p. 176]), in particular it also induces an isomorphism at
the level of the connected component of the special fiber, a fortiori €,/ = €. ([l

4. ESTIMATES AFTER BASE CHANGE

Lemma 4.1. Let p ¢ S and m, : C;, — Cp be the reduction of m modulo p, y' €

Cp(Fp) and y = mp(y') € Cp(Fp). Then ap(Aj ) = ap(Apy) and by(A, ) =
bp (Ap’y)-

Proof. This is immediate from the fact that A’, ,» = A, ., once y and y’ are defined
over IFy. (]

After adding finitely many prime ideals to .S, we may also assume that for every
p &S, m:Cy — Cp is also finite geometric abelian with with geometric automor-
phism group G, := Autg (C;/Cp) isomorphic to G. Let G, := Autg, (C;/Cy).

Let H be a subgroup of G, C” := C'/H the intermediate curve ¢’ — " — C
with Autz(C'/C") = H and 7" : C' — C"” the first covering. Since G is abelian, the
cover " : C"" — C is also geometrically Galois. Since G is finite, there exists a finite
extension L of k such that all elements of G are defined over L. So GG acts on
G through the finite quotient Gal(L/k). Hence all the intermediate curves C” are
defined over L. If Gal(L/k) acts on H, then C” is also defined over k.

Let D be the reduced ramification divisor of 7 : ¢’ — C and D, the reduced
ramification divisor of m, : C; — Cp. After extending S, if necessary, we may
assume that D, is the reduction of D modulo p. In particular,

(4.1) # supp(Dy) = # supp(D) < deg(D).
Let Ry, := U, Nsupp(Dy) and V, :=U, — Ry.
The next proposition is proved exactly as in [25, Proposition 11].

Proposition 4.2. Let F, be a generator of Gal(F,/Fy) and H C G the subgroup
defined by H := {Fy(z)ox™'; z € G}.
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(1) The group M is defined over Fy, hence the curve C := Cy,/H is also defined

over .
Denote U, := o (Up), Ry = T ' (Ry) and Vy = T (V) = U, =R,

Denote similarly Uy, Ry and V| with respect to the map .

(2) The image of Vy(Fy) in Cp(Fp) coincides with the image of Vi/(Fy) in
Co(Fy).

(3) For every y € Vy(Fy) such that y = my(y') with y' € Vi(Fy) there exist
evactly #Gy, points in Vy(Fy) lying over y.

(4) For every y € Cp(Fp) such that y = m/(y") with y" € V) (Fp) there evist
evactly (G : H) points of V) (Fp) lying over y.

Proposition 4.3. (cf. [25, Proposition 12])

240 < Z222a(29' - 2) + #Gp L+ 001/ V)

18,401 < vy (£22d(2 - 1)(25' ~ 2+ #Gy 20— )1 ) + O,

Proof. Let

A (A) 1= — Z ap(Apy)-

Y€V (Fp)

So, by Weil’s theorem and (4.1)),

27 (A) = WA = — | D ap(Apy)

K yER (Fy)

< 2d(1/\/gy) deg(D) = O(1/ /).

1
< ;2d\/Qp# supp(Dy)
p

Since 2Ap(A) = A (A) + O(1/,/qp), we conclude that A,(A) = A" (A) +

O(1/ /).
Let
sm 1 li sm,ur 1
Wr(A) = — > ap(Ay,) and WA == — D ap(Ap ).
P ey (w,) B v (F,)

Note that #R;, < deg(m)#R, < deg(m)deg(D). As above,

S ! sm,ur ! 1
257 (AY) = A, (A = —
dp

Z aP (A;a,y/)

Y/ ER (Fy)

< 2d(1/ \/g5) deg(D) deg(r) = O(1/\/g5).

Since Ay (A') = A (A)+0(1//gp), then A, (A') =A™ (A)+0(1//Gy). Define
similarly 3™ (A”) and 245" (A”).
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As a consequence of Lemma [£.1] and Proposition .2 we obtain

GAT(A) = D ap(A )

y' eV (Fp)
= #Gy Z ap(Apy) = #Gyp Z ap(Apy)
yemy (V} (Fy)) yery (Vi (Fy))
#Gp Z " #Gp sm,ur "
- 1 ap (AL ) = G (A",
(G:H) y"eVy (Fy) (G H)

Thus, by Theorem

sm,ur li (G sm,ur 1" G 1
9 ()] = s (A € 2 (29” —2) + )+ 01 VR)

ngzd( —2) + #Gpfa+ O(1//ap),

where the latter inequality follows from the Riemann-Hurwitz formula applied to

7’ : ¢’ — C” and Proposition Note that if 7w is unramified, then the latter

inequality is actually an equality. Whence the same inequality holds for |2, (.A’)[.
Let

sm,ur 1
B, (A) = - Z by (Ap.y)-
P yev, (7,)
Similarly, B, (A) = B, (A) +0(1) and By (A') = (#G, /(G : H))Bp " (A”)
and therefore (again by Theorem 3.5

#Gy

1By (AN = < H)' BT (7))
< B V2= 12" =)+ (24 = 1)) + O()
=V <# Fd(2d = 1)(29' = 2) + #Gp(2d - 1)f,4) +0(1),

where again in the latter inequality we used the Riemann-Hurwitz formula and
Proposition Whence the same inequality holds for |%B,(A")|. O

Remark 4.4 (Towards Galois covers). The reason why we need to introduce the
intermediate curve C’/H in order to obtain an estimate for |2, (.A’)|, and so have
to suppose that the cover C’ — C is geometrically abelian instead of geometrically
Galois, is that there may be points in Cl’TJ lying over an [Fy-rational point of C, which
are not Fy-rational. This is related to curves which are twistings of Cl’j over F,. We
now introduce those curves.

For each o € Gy, there exists a smooth projective irreducible curve Cy, , defined
over I, whose function field Fy,(Cy, ) equals the subfield of Fym (C;) which is fixed
by oFy,, where Fpm denotes the extension of F, of degree m. Clearly, Cyiqa = C{).
We have the well-known Twisting Lemma [2]

#Cp(Fp) = #Gp > #Cpo
oc€Gy

More precisely, for each y € C,(F,) we have #G, points in the curves C;’J’U that
are rational over F, and lie over y. Indeed, given y’ € C{J such that ¢’ — g, then
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there exists o € G, such that Fyy' = o~ 'y/, i.e,, v € C, ,(F,). Note that o' € G,
satisfies (o)~ 1y’ = o~y if and only if o(0’) ! lies in the decomposition group of
y'. Let n, be the number of elements in the orbit of y’ with respect to G,. So,
the number of [F,-rational points of the curves C{J’g which lie above y is equal to n,
times #Gy /ny, i.e., #G,.

Each twisting C,, , comes equipped with a Galois cover m, , : Cy,

p.o
over F, with group G,. Let A, , := A, xc, C;, ,. Let

— Cp defined

) N

p.o°
!/ 1 !/

Ap,o(A') = — Z ap )-

q P,0,yL
Pyrec, ,(Fy)

We apply Lemma to the twistings C;, , of C, and obtain (from the previous
discussion on the twisting lemma)

(4.2) D Uy o (A) = #Gy Ay (A).

o€Gy

Theorem implies an upper bound of the rank of A(K)/7B(k) in terms of
the local data given by the average traces of Frobenii ;(A) and B,(A). The
characteristic p information 2, ,(A’), if o # id, does not come in the expression of
an upper bound for the rank of A(K)/7. B/ (k) in the same way, where K! = k(C.),
C! is a twisting of C’ defined over k and (7., B ) is the K/ /k-trace of A. One reason
for this is that as p varies so does o. Hence, even under the identification of G and
G, for p ¢ S, there is no “general” ¢ € G that would give a twist C,, of C’' defined
over k that would reduce modulo all prime ideals p ¢ S to C; ,. If that were true

then the inequality
A(K') A(KS)
k < k(| —22
o (T'B«k-)) <2 (TéBé,(k)

together with (4.2)) would give a proof of our result for geometrically Galois covers
C' — C (ct. §5).

5. PROOF oF THEOREM [L.3]
Proof. Tt follows from Theorem [2.1] that

rank (;1;((2)) < rank (fgi%) + rank(NS(A/K))

)3 log(gy) 3 log(gp)

o /1l /

= IS%:els _QLP(A)T +1}:€2$ %p(A) 5
p¢s P p¢sS

Note that

124 (A < (24 (A)] + [ap (B')] < [2Ap (A')] + 2dim(B’) /G-
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So, by Proposition .3

rank ( AK) ) < (Qd@g/_Q) + fA) Res | > #Gpw

' B/ (k) #G oyt a3
log(gy) : log(gp)
FO\Rep | 2505 | | +2dmBIRey | DS
S 4p S 4p
(5.1) né né
d(2d —1)(2¢' - 2) log(gp)
" ( #9 +(2d=1)fa Res Z #Go— "1/

pEs p

1
+ O | Res Ziog(qp)
s=2 qg
p¢S

The third series converges for R(s) > 1/2, thus the corresponding residue equals 0.
The fourth series converges for R(s) > 3/2 and can be extended meromorphically
to the whole plane with just a simple pole at s = 3/2. Hence, the fourth residue
also equals 0. The last residue is also equal to 0, since the series converges for
R(s) > 1.

As we have already observed, we have fixed a finite Galois extension L of k
such that Gy, acts on G via Gal(L/k). Moreover, for each ¢ in the p-th Frobenius
conjugacy class (p, L/k), the group G, corresponds bijectively to the elements of
{x € G|o(z) = z}. We denote the cardinality of this set by h%(c,G). By

ran A(K/)

g (T’B’(k‘)>
2d(2g — 2 /o

< <(7§ég)+fA) Z h0(07g)1§_els<z g(qp)>

o€Gal(L/k)
d(2d —1)(2¢' — 2)
N ( 40

+ (2d — 1)fA> X

S ho(o,g)gizeg(Z/ 105,(3;’3 ) :

oc€Gal(L/k) p

where Z; denotes the sum over all p ¢ S such that o € (p, L/k). It follows from
[9, Corollary of Theorem 8, §4, Chapter VIII] (cf. also the proof of [24], Proposition
4]) that all two residues are equal to 1/# Gal(L/k). The result now follows from
[25, Lemma 9.

The second statement follows from the next remark. O

Remark 5.1. In the case A is the Jacobian variety of the generic fiber of a proper
flat morphism ¢ : X — C of relative dimension 1, where X is a smooth projective
irreducible surface defined over k, then Conjecture M,, (Theorem reduces to
the generalized Nagao conjecture [6, Remarque 3.4]. Hence we do not need to
consider the estimates on |*B,(.A)| and the hypothesis of the irreducibility of p is

no longer necessary. So, (5.2]) implies ([1.5]), hence (|1.6).
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6. THE RANK IN SPECIAL TOWERS

In this paragraph we apply Theorem to the special tower described in the
Introduction.

Theorem 6.1 (Serre, [I6], Théoreme 3'). Let C/k be an elliptic curve defined
over a number field k without complex multiplication. There is an integer I(C, k)
depending only on C and k so that for every integer n > 1 the image of the Galois
representation pc : G — Aut(Cn]) = GLo(Z/nZ) has index at most I(C, k) in
Aut(C[n]).

The same proof as in [25, Theorem 16] yields the following result.

Theorem 6.2. Let C be an elliptic curve without complexr multiplication defined
over a number field k. Suppose that C' = C and w is the multiplication by n map
[n] : C — C. Let C, :=C/[n], K, := k(Cy,) its function field, (1,,, By) the K, /k-
trace of A and A, := Ax¢cC,. Assume that Tate’s conjecture is true for A, /k and
the monodromy representations p, and py are irreducible. Then

(1) For every integer n > 1:
‘1(1(71)
- 7 <
rank( . n(k)> I(C/k)

if d > 2, where d(n) denotes the number of positive divisors of n. If d =1,
we may replace 2d by 1.
(2) The sum

d(n)

Qdena

: ! ran A(Kn)
> 2 Toain) <(25.5)

is bounded as x — oo. Thus the average rank of A(K,) /7, Bn(k) is smaller
than a fixed multiple of the logarithmic of the degree fa of the conductor
%A Of A.

(3) There exists a constant k = k(k,C, A) so that for sufficiently large n we

have A
Kk n < m/log(log(f,qn)).
m“(m&wﬂ—‘%

In particular, for every e > 0 we have

A(K, .
rank (Tn(Bn(;)) < fa,»

where the implied constant depends on k, C, A and €, but not on n.

We now consider the situation where C has genus at least 2 and C’ is the pull-
back of C under the multiplication by n map [n] : Jo — J¢ in the Jacobian variety
of C and 7 is the corresponding unramified geometrically abelian cover 7 : C' — C.
In this case, G = J¢[n]. In order to state our result we make a short digression on
the Mumford-Tate group and the Mumford-Tate conjecture in the case of abelian
varieties.

Let X be an abelian variety defined over a number field k& of dimension d > 1.
Let ¢ be a prime number, X[¢] the subgroup of ¢-torsion points of X, Ty(X) the
(-adic Tate group of X and V(X)) := Ty(X) xz, Qp. Let XV := Pic’(X) be the
dual abelian variety of X. After eventually extending k& and making an isogeny,
we may assume that we have a degree 1 polarization A : X — XV. Let n > 1 be
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an integer, jgn the group of £"-th roots of unity in C and pigee := J,,~ pten. The
polarization A yields non-degenerate alternating (Weil) pairings X [¢] x X[¢] — s,
and Tp(X) x Ty(X) — pee. The natural action of Gy on X[¢], hence on T;(X),
and A induce Galois representations py : G, — Aut(X[{]) = GSpyy(F¢) and pye :
G, — Aut(Ve(X)) = GSpyg(Qr).

Let Gk’goo 1= pPyoo (Gk) and Gk,g = pg(Gk). Let

Poo i= Hpgoc (G — Aut(V(X)) = H GSpaq(Qe).
¢ 14

Serre proves in [20, Théoreme 1’], [I7], [18] that if k is large enough, depending on
X, then p(Gy) is an open subgroup of [, G .

Fix an isomorphism V;(X) = Q2?. Let GL,, g, be the linear algebraic group
defined in dimension 2d over Q. Denote by Gy, = the Zariski closure of Gy ¢ on
GLy, g, and Qg’ew its identity component.

The Mumford-Tate group MT(X) of X is defined as follows. Fix an embedding
k — C. Let V := HY(X,Q) be the first singular cohomology group of X with
rational coefficients. A complex structure on Vg := H!(X,R) is an R-linear map
J: HY(X,R) — H'(X,R) such that J? = —I, where I denotes the identity. Let
St ={z € C||z| = 1}. To give J is equivalent to giving a representation of real
algebraic groups h : S' — GL(Vg) defined by a+ib +— al +bJ. Fix an isomorphism
V = Q%. The group MT(X) is defined as the smallest algebraic subgroup G of
GLy, o defined over Q such that h(S') C G(R).

The Mumford-Tate conjecture states that Qg’gm = MT(X), := MT(X) xg Qq.
R. Pink proved in [I5, Theorem 5.4] under the hypothesis that Endz(X) = Z and
numerical conditions on d = dim(X) that both groups are equal to @2 4.0, Since

A has a degree 1 polarization A, G}, = is an algebraic subgroup of GSde 0 So in

the latter circumstance Gy, joo = Q27goo = GSp,, o Serre had previously proved

this theorem under the assumptions that Endz(X) = Z, d is odd or 2 or 6 [20,
Théoreme 3]. For other cases where the Mumford-Tate is known see [15].

Bogomolov’s algebraicity theorem states that Gy ¢~ has finite index in the sub-
group Gy, yo (Q¢) of Q-rational points of Gy, ye [21} 2.2.1]. In particular, if Gy, jc =
Qi’ew = GSde,Qg’ then

(a) Gy e is an open subgroup of the subgroup GSp,,(Qy) of Q,-rational points
of GSp,, 0

Furthermore, it is also known that the rank r of G} y~ does not depend on ¢ [21}
2.2.4] and that if r = d+ 1 and Endg(X) = Z, then G, yoc = ngzoo = GSp,, Q. 211
2.2.7] and

(b) for almost all ¢, G ¢ coincides with GSpy,(F,) [I8, Théoreme 3] which is
equal to the reduction MT(X)(¢) of MT(X), modulo ¢.

So in the same way as in [I6], Introduction] (a) and (b) imply the following theorem.

Theorem 6.3. Let X/k be an abelian variety defined over a number field. Suppose
that Endi(X) = Z and r = d + 1, then there exists an integer 1(X, k) depending
only on X and k such that the image of the Galois representation px ., : G —
Aut(X|[n]) 2 GSpyy(Z/nZ) has index at most I(X, k) in Aut(X|[n]).
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Remark 6.4. As observed by Serre the previous condition on 7 is satisfied if d is
odd or 2 or 6 [21], 2.2.8].

Theorem 6.5. Let C,, := C’ be the pull-back of C under the multiplication by n
map [n] : Jo — Je in the Jacobian variety of C and w the corresponding unramified
geometrically abelian cover w: C' — C. Let K, := k(Cy,) be the function field of Cy,
A, = AxcCy, A,/ K, the generic fiber of A, — Cy, (T, Br) the Ky, /k-trace of A,
g, Tesp. gn, the genus of C, resp. Cy. Let Gy, o be the Zariski closure of the image
of pe : Gy — Aut(Vy(Je)) = GSpy,(Qr). Assume that Tate’s conjecture is true
for Ay, /k, the monodromy representations p, and py, are irreducible, Endg(Je) = Z
and the rank r of Gy yo is equal to g+ 1. Then

(1) For every n > 1 we have
(6.1) rank (TA(BK(12)> <I(Je, ]f)—)( d(2d +1)(2g, — 2) + 2dfa,,)-

If d = 1, we may replace d(2d + 1) by 2d in the first sumand of the latter
expression and 2d by 1 in the second summand.

(2) The sum ae
+ it ™ (m,)

is bounded as x — co. Thus the average rank of A(K,)/TnBn (k) is smaller
than a fized multiple of the logarithm of the degree fa of the conductor §4
of A.

(3) There exists a constant & = k(k, Jc, A) so that for sufficiently large n we

have
A(Kn) r/10g108(fa,)
k < n
o <Tan(k)) An
In particular, for every € > 0 we have
A(Ky) )
rank | —— | < f5 ,
(b)) < i
where the implied constant depends only on k, Je, A and €, but not on n.
Proof. By Theorem and [25] Lemma 10]
#9¢, (Je[n]) < I(Je, k)#O aus(sen)) (Je[n])
= I(Je, K)#Dsp,, (z/mz)(Z/nL)*).

The same proof as in [25, Proposition 15] replacing the statement that every non
zero vector in a finite dimensional vector space can be extended to a basis of the
vector space by Witt’s theorem [10, Chapter XIV, Theorem 2, p. 360] shows that
the number of orbits of the action of GSp,,(Z/nZ) in (Z/nZ)*? is also equal to

d(n). Hence, by (6.2),
(6.3) #9O¢, (Je[n]) < I(Je, k)d(n).

Item (1) now follows from Theorem and (6.3]).
Notice that it follows from [I Theorem 3.3] that

Zd ) ~ zlog(x).

n<zx

(6.2)
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Therefore,

(6.4) 1 3 d(n)

T A, log(n)

is bounded for every x > 2. Moreover, by Proposition fa, = n*fa, and by
the Riemann-Hurwitz formula, since 7 is unramified, 2¢g,, — 2 = n?9(2g — 2). Thus,

by (1),
rank (7%) < I(Je,k)d(n)(d(2d + 1)(2g — 2) + 2df )

and item (2) follows from (6.4)).
By [I, Theorem 13.12]

(6.5) lim sup log(d(n)) = log(2).

n—oo log(n)/loglog(n)
In particular, by (1), there exist absolute constants ¢y, ¢a, c3, ¢4 such that

e (ALY < 11, k(a2 + 1) (29 — 2) + 2/ oo

< e3T(Je, k) (d(2d + 1)(2g — 2) + 2dfa) f5/ 195105 an),
which proves item (3). O
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